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Hybrid Modes in Circular Cylindrical
Optical Fibers

KATSUMI MORISHITA, MEMBER, IEEE

A/retract —The classification of hybrid modes in circular cylindrical
optical fibers is studied. It is shown that problems of the mode classifica-
tions, i.e., the crossover of the dispersion characteristics and the remarka-
ble changes of the polarization states and the field configurations, are

caused by the coupling of the HE-type and EH-type modes.

I. INTRODUCTION

R ECENTLY, various optical fibers, including multi-

mode fibers, single-mode fibers, single polarization

fibers, and dual-mode fibers, have been produced. In gen-
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eral, propagation modes supported by multimode fibers are

called linearly polarized (LP) “modes” [1], which are not

true modes. In case the optical fibers have few propagation

modes, the difference between the corresponding true

modes for each LP “mode” is of practical importance for

calculating fiber bandwidths and designing fibers [2]. The

descriptive names TE, TM, HE, and EH are usually used

for distinguishing propagation modes. There are several

classifications of hybrid modes, which are based on the

amplitude coefficient ratio of axial components of electric

and magnetic fields [3], [4], the polarization states [5], [6]

and the field configurations [7] of propagation modes, and

the factorization of characteristic equations [8], [9].
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Safaai-Jazi and Yip [8] analytically showed that the

amplitude coefficient ratio of axial components cannot be

utilized for the designation of hybrid modes for three-layer

cylindrical dielectric waveguides arid no “crossover,” as

has been often observed [4], [10], [11], exists between

hybrid modes with the same order of azimuthal variation.

Hashimoto [12], [13] mentioned that the classifications

based on the amplitude coefficient ratio and the polariza-

tion states have disadvantages for certain classes of refrac-

tive-index profile. It is the purpose of tl& paper to clarify

the polarization states and the field configurations of hy-

brid modes at the vicinity of the crossover, to show the

reason why crossover is caused by most mode classifica-

tions, and to propose a new scheme for the classification of

hybrid modes in cylindrical optical fibers.

II. VARIOUS MODE CLASSIFICATIONS

Several classifications of hybrid modes are described

briefly in this section. Snitzer [3] suggested a scheme based

on the value of the amplitude coefficient ratio of axial

components of electric and magnetic fields

p=-”;”: (1)

where ~ is the propagation constant of the guided mode, u

is an angular frequency, and p. is the free-space permeabil-

ityy. The modes for which P is positive are designated as

EH, and those for which it is negative as HE. Kuhn [4] has

attempted to use the sign of this ratio to classify hybrid

modes in a homogeneous fiber with finite cladding. In this

paper, Snitzer’s criterion is used for graded-index fibers by

using the multilayer approximation method [2]. The coeffi-

cient ratio P is evaluated at the center layer.

Tanaka and Suematsu [9] proposed a mode designation

based on the multilayer approximation of the refractive-

index profile and the approximate factorization of char-

acteristic equations. The electromagnetic fields in each

layer are represented rigorously in terms of Bessel func-

tions. The continuity of the tangential fields and the dis-

continuity y of the normal fields at the boundary between

i th and (i + 1)st layers lead to the following relation:
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Fig. 1. Polarization states of hybrid modes in a dielectric rod.

and P,– and P,+ are 2 X 2 matrices constituted by Bessel

functions.’ Eliminating A, at off-diagonal elements, we can

approximately separate (2) into two equations as follows:

The modes with negative and positive signs corresponds to

the HE and EH modes, respectively. Approximate eigen-

value equations for the HE and EH modes are derived

from (3). Hybrid modes in this classification will be dis-

tinguished from the exact solutions by a prime, i.e., HE’

and EH’.

The modal rays of the HE and EH modes in optical

fibers are circularly polarized skew rays in opposite polari-

zation states to each other [5], [6], as shown in Fig. 1.

However, the polarization states and the field configura-

tions of hybrid modes in certain classes of optical fibers

change remarkably with increasing frequency. The designa-

tion of a mode should be determined by the characteristic

curve, and not change with the frequency. To describe the

polarization states and, the field configurations of hybrid

modes, we use the names HE~.-type and EH~H-type,

whose polarization states and field configurations are simi-

lar to those of the HE~. and EH~. modes in the dielectric

rod as a whole, respectively.

In this paper, the field distribution, the propagation

constant, and the group velocity are rigorously (or exactly

enough) obtained by means of a vector multilayer analysis

[2]. In case the polarization states and the field configura-

tions of hybrid modes vary markedly with the frequency,

they are designated as Hyb~. for no confusion of their

properties. The first index m is related to the number of

circumferential variations in the field. The second index n

counts the order in which a particular Hybn. mode goes

through cutoff with increasing frequency to become a

guided mode of the fiber.

III. HYBRID MODES IN INHOMOGENEOUS OPTICAL

FIBERS

In this section, the propagation constants, the group

velocities, the field distributions, and the amplitude coeffi-

cient ratios of hybrid modes are calculated numerically for



346 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-31, NO. 4, APRIL ] 983

Fig. 2.
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Fig. 3. Amplitude coefficient ratios for the Hyb,2 and Hyb,3 modes of a
homogeneous fiber with finite cladding: (a) ~/k >1.3, (b) near /3/k=
1.5.

three-layer cylindrical dielectric waveguides. The solutions

obtained by the approximate factorization method are

compared with the vector rigorous solutions, and several

interesting phenomena are pointed out. It is shown that the

phenomena occur for a square-law index fiber which is one

of the typical graded-index fibers.

The normalized frequencies V and T, the normalized

propagation constant B, and the relative index difference A
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Fig. 4 Group delays for the Hyb,2 and Hyb,3 modes of a homogeneous
fiber with finite cladding.
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Fig. 5, Characteristics of a homogeneous fiber with finite cladding
calculated by the approximate factorization method and the rigorous
multilayer method: (a) near V = 16, (b) near V = 72.

are defined as

V= kan ~m~

T’= 2k2~m{n(r)2- n~ln} M+
o

~= j?-knmin

k(nm~–nti. )

where n ~= and n ~n are the maximum and the minimum
refractive indices, respectively.
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Fig. 6. Field distributions of the Hyb,2 and Hyb,3 modes in a homogeneous fiber with finite cladding at the points, a, b, c, d,

e, and ~, which are illustrated in Figs. 3(b) and 5(b).

A. Homogeneous Fiber with Finite Cladding

The dispersion characteristics and the refractive-index

distribution of a homogeneous fiber with finite cladding

are shown in Fig. 2. It is observed that the characteristics

of the Hyb,2 and Hyb,3 modes, which are the EH{l-type

and HE~2-type modes, get very close to each other near

V= 16 and 72, but do not cross each other. A sirnilaf

phenomenon takes place between the EH~~-type and

HE~~+ ,-type modes, which are not plotted in Fig. 2 for

simplicity.

Both the Hyb12 and Hyblq modes change signs of the

amplitude coefficient ratios in the neighborhood of V= 16

and 72, as shown in Fig. 3. Fig. 3(b) shows P at the vicinity

of V= 72 (~/k = 1.5). We observe that P for the Hyblz

mode varies from + oc to – co near V = 16 and from – 1

to + 1 near V= 72, and for the Hyb 13mode from negative

to positive near V= 16 and from + co to – co near V= 72.

Moreover, the Hyb ~z and Hyb,3 modes change the group

delays with each other, as shown in Fig. 4. On the basis of

this result, it may be impossible to use the amplitude

coefficient ratio and the group delay to decide that the

characteristics of hybrid modes with the same azimuthal

number, the EH~.-type and HE~. + ~-type modes, do not

cross each other.

To investigate the phenomena near V= 16 and 72 in

detail, the homogeneous fiber with finite cladding is

analyzed by using the approximate factorization method.

Fig. 5 shows the dispersion characteristics calculated by the

approximate factorization method and the rigorous vector

multilayer method. It becomes evident that the characteris-

tics of EH~, and HE{2 cross each other where P changes

sign.

Fig. 6 shows the field distributions of the Hyb12 and

Hyb13 modes at the points, a, b, c, d, e, and f, wtich are

given in Figs. 3(b) and 5(b). The field configuration of the

Hyb12 mode at the point a is very different from that at the

point c. The field distribution of the Hyb13 mode alters

between the points d and f. Furthermore, Fig: 6(a) and (c)

shows the same field distributions as Fig. 6(f) and (d),

respectively. We find that the Hyb 12 and Hybl~ modes

change their field distributions with each other at the

crossover between EH; , and HEj2. The symbols, EH;l-type

and HE;#ype, are added in Fig. 2 to indicate the polariza-

tion states and the field configurations of the Hyb ,Z and

Hybl~ modes.

At the crossover between EH1, and HE\2, leaving Ai in

the off-diagonal elements leads to “coupling” between

EH; , and HE;Z. The coupling gives rise to the split of the

characteristics, the changes of the polarization states,

the field configurations, and the sign of P. In general,, the

characteristic curves cross each other between EH~. and

HE;H+ , for any number of m and n, and the coupling

phenomenon takes place in the cladding mode region. The

polarization states and the field configurations of EH~.

and HE~.+l correspond to those of the EH~.-type and

‘EL n+ 1‘tYPe ‘odes> respectively. The pair of hybrid

modes, the EH;.-type and HE~. + ~-type modes, inter-

change their polarization states and field configurations as

the frequency increases. It becomes evident that the sign of

P, the polarization states, and the field distributions cannot

be utilized for the designation of hybrid modes in the

cladding mode region. In the core mode region, however,

they may be applicable to the designation of hybrid modes
because their properties hold.

B. Dielectric Tube Waoeguide

The refractive-index distribution and the dispersion

characteristics of a dielectric tube waveguide are shown in

Fig. 7. We find that no crossover exists between EH’ and
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Fig. 7, Characteristics and the refractive-index distribution of a dielec-
tric tube waveguide.
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Fig. 8. Amplitude coefficient ratios of a dielectric tube waveguide.

HE’ modes with the same order of azimuthal variation.
Therefore, the rigorous characteristics of hybrid modes do

not get close to each other in the same way as those of the

homogeneous fiber with finite cladding. The descriptive

names HE and EH can be used without confusion of their

polarization states and field configurations.

Fig. 8 shows the amplitude coefficient ratio P of a

dielectric tube waveguide. The ratio P is always positive for

the EH modes, while for the HE modes it varies from + co

to – co. On the basis of Figs. 7 and 8, no coupling, as is

observed for the homogeneous fiber with finite cladding,

occurs between hybrid modes. Therefore, hybrid modes

hold their polarization states and field configurations sta-

ble. In the case of no coupling, we can classify the hybrid

mctdes by the polarization states and the field configura-

tions, i.e., the approximate factorization method.

C. Square - Law Index Fiber with Infinite Cladding

Such coupling phenomena as take place for the homoge-

neous fiber with finite cladding are observed for graded-

index fibers. The field configurations, the amplitude coeffi-

cient ratios, and the propagation constants are calculated

for a square-law index fiber. The perrnittivity distribution

in a core region is represented approximately by 50 layers

of different constant refractive indices.

Fig, 9 shows the refractive-index distribution and the

amplitude coefficient ratios of a square-law index fiber.

The ratio P varies from + m to – m for the Hyblq mode,

and from negative to positive for the Hyb,2 mode near

B = 0.3858, respectively. The sign of P, therefore, cannot

5

v

Hyb13
d

Fig. 9. Amplitude coefficient ratios and the refractive-index distribution
of a square-law index fiber.
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Fig. 10. Characteristics of a squme-law index fiber calculated by the

approximate factorization method and the rigorous multilayer method.

be utilized for the designation of hybrid modes.

The dispersion characteristics for the square-law index

fiber are shown in Fig. 10. We observel that the character-
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Fig. 11. Field distributions of the Hyb12and Hyb13modes inasquae-law index fiber atthepoints, a, b,c, d,e, md~, wMch

areillustrated in Figs. 9 and 10.

istics of the Hyb ,Z and Hyb ~~modes get very close to each

other, but do not cross each other. On the other hand, the

crossover of the characteristics obtained by the approxi-

mate factorization method exists between EH~, and HE\2.

In general, the crossover occurs between EH~H and HE~.+,

for any number of m and n, which are not plotted in Fig.

10. The coupling phenomenon occurs between the EH~.-

type and HE~.+ ,-type modes [14].

Fig. 11 shows the field distributions of the Hyb12 and

Hybl~ modes at the points indicated in Figs. 9 and 10. The

field distributions at the points a (Hyb,2) and~(Hyblq ) are

HE{2-type, and those at the points c (Hyb ~z) and d (Hyblq )

are EH{l-type. It can be concluded that the coupling causes

the interchanges of the field configurations and the polari-

zation states of the Hyb,2 and Hyb 13modes. Therefore, the

field configurations and the polarization states cannot be

used for the designation of hybrid modes. In the case of the

square-law index fiber, the coupling phenomenon happens

in the core mode region, not in the cladding mode region.

IV. DISCUSSION

Safaai-Jazi and Yip [8] analytically showed a mode

classification based on the rigorous factorization of char-

acteristic equations for three-layer cylindrical dielectric

waveguides. However, the method cannot be used for

general optical fibers because of difficulty in factorizing

characteristic equations. Other methods, which are based

on the amplitude coefficient ratio of axial components, the

polarization states, the field configurations, and the ap-

proximate factorization of characteristic equations, are not

applicable for the designation of hybrid modes, since they

lead to the crossover of the dispersion characteristics as

shown in the previous section.

‘According to [12], [13], the characteristics of the EH~n-type and

HE;. + I-type modes do not get very close to each other for a squme-law
index fiber without cladding.

It is generally believed that the HE~+,. and EH~_,. (or

HE2~, TMO., and TEO.) modes are almost degenerate for

weakly guiding fibers with similar transverse fields in the x

and y-directions, and are equivalent to the LP~. (or LP1. )

“mode” [15], [16]. In case the hybrid modes change their

field distributions, as shown in the previous section, the

correspondence of an LP “mode” with the HE and EH

modes does not hold. Therefore, it is better to employ a

new name for hybrid modes so as not to break the corre-

spondence (LP~~ – HE~+,. and EH~_ ,.). In this paper,

hybrid modes are expressed by Hyb~., and the correspon-

dence and the field configurations are indicated by HE;.-

type and EH~.- type, whose polarization states and field

configurations are similar to those of the HE~. and EH~.

modes in a cylindrical dielectric rod.

It is proposed that the approximate factorization method

be utilized for the designation of hybrid modes, and if the

crossover exists between hybrid modes with the same order

of azimuthal variation, the dispersion characteristics should

be rigorously analyzed in the vicinity of the crossover, and

hybrid modes be classified by the new name Hyb~..

V. CONCLUSIONS

It is shown that several classifications of hybrid modes

cannot be utilized due to the crossover of dispersion char-

acteristics between hybrid modes with the same azimuthal

number. The crossing phenomenon is clarified by calculat-

ing the polarization states and the field configurations of

hybrid modes at the vicinity of the crossover. It becomes

evident that the phenomenon is caused by the coupling

between the HE-type and EH-type hybrid modes, and the

hybrid modes change remarkably their polarization states

and field configurations with each other at the crossover. A

new scheme for the classification of hybrid modes in

cylindrical optical fibers is also proposed.



350 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. M’IT31, NO. 4, APP,IL 1983

ACKNOWLEDGMENT

The author wishes to thank Prof. M. Hashimoto of

Osaka 131ectro-~ommunication University who motivated

this work.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

D. Gloge, “Weakly guiding fibers,” Appl. Opt., vol. 10, no. 10, pp.
2252-2258, Oct. 1971.
K. Morishita, Y. Obata, and N. Kumagai, “An exact analysis of
group velocity for propagation modes in optical fibers,” IEEE
Trans. Microwaoe Theory Tech., vol. MT’’I-3O, pp. 182I -1826, Nov.
1982.
E. Snitzer, “Cylindrical dielectric waveguide modes,” J. Opt. Sot.
Amer., vol. 51, no. 5, pp. 491-498, May 1961.
M. H. Kuhn, “The influence of the refractive index step due to the
finite cladding of homogeneous fibers on the hybrid properties of
modes,” Arch. Elek. Ubertragung., vol. 28, no. 10, pp. 393–401, Oct.
1974.
J. A. Arnaud, Beam and Fiber Optics. New York: Academic, 1976,
pp. 372-374.
M. Hashimoto, “Propagation of inhomogeneous waves in cladded
optical fibers,” Int. J. Electron., vol. 46, no. 2, pp. 125-139, 1979.
M. M. Z. Kharadly and J. E. Lewis, ‘<Properties of dielectric-tube
waveguides,” Proc. Inst. Elec. Eng., vol. 116, no. 2, pp. 214-224,
Feb. 1969,
A. Safaai-Jazi and G. L. Yip, “Classification of hybrid modes in
cylindrical dielectric optical waveguides,” Radio Sci., vol. 12, no. 4,
pp. 603-609, July-Aug. 1977.
T. Tanaka and Y. Suematsu, “An exact analysis of cylindrical fiber
with index distribution by matrix method and its application to
focusing fiber,” Trans. Inst. Electron. Commun. Eng. Jap., vol. E59,
no. 11, pp. 1–8, Nov. 1976.
P. J. B. Clarricoats and K. B. Chan, “Propagation behaviour of
cylindrical-dielectric-rod waveguides,” Proc. Inst. Elec. Eng., vol.
120, no. 11, pp. 1371-1378, Nov. 1973.

[11]

[12]

[13]

[14]

[15]

[16]

H.-G. Unger, Planar Optical Waoeguides and Fibres. Oxford: Ox-
ford Univ. Press, 1977, p. 419.
M. Hashimoto, “Hybrid modes of graded-index optical fibers,”
Electron. Lett., vol. 17, no. 18, pp. 659–661, Sept. 1981; erratum,
vol. 17, no. 25, p. 987, Dec. 1981.
M. Hashimoto, “ Circularly polarized modal skew rays in graded-
index optical fibers;’ J. Opt. Sot. Amer., vol. 72, no. 9, Dv.

1147-1 (51, Sept. 1982. -
. .

M. Hashimoto, ” On hybrid modes in inhomogeneous opticaJ fibers;’
Tech. Rep. Inst. Electr. Eng. Jap., vol. EMT-81-35, pp. 15–24, Oct.
1981 (in Japanese).
B. K. Garside, T. K. Lim, and J. P. Marton, “Propagation char-
acteristics of parabolic-index fiber modes: Linearly polarized ap-
proximation,” J. Opt. Sot. Amer., vol. 70, no. 4, pp. 395-400, Apr.
1980.
M. J. Adams, An Introduction to ‘Optical Wavegaides. New York:
Wiley, 1981

*

Katsumi Morishita, (S’74-M77) was born in
Fukui, Japan, on February 24, 1949. He received
the B.E., M. E., and Ph.D. degrees in electrical
communication engineering from Osaka Univer-
sity, Osaka, Japan, in 1972, 1974, and 1977,
respectively.

From 1977 to 1978 he was a Postdoctoral
Fellow of the Japan Society for the Promotion of
Science. Since 198I he has been with Osaka
Electro-Communication University, Neyagawa-
shi. Osaka. Jauan. where he is now an Associate

Professor in the Department of’ Pr~cision Engineering. His research
interests are in the areas of electromagnetic field analyses and optical
waveguides.

Dr. Monshita is a member of the Institute of Electronics and Com-
munication Engineers of Japan and the Society of Instrument and Control
Engineers of Japan.

Empirical Expressions for Fin-Line Design

ARVIND K. SHARMA, MEMBER, IEEE, AND WOLFGANG J. R. HOEFER, SENIOR MEMBER, IEEE

Abstract —This paper presents empirical expressions in closed form for single-mode bandwidth, moderate attenuation. and com~a-
the design of unilateral and bilateral fin-lines. The guided wavelength and

the characteristic impedance calculated with these expressions agree, typi-
cally, within + 2 percent with vafues obtained using numerical tecludques in
the normalized frequency range 0.35< b/A< 0.7, w~ch is suitable for
most practicaf applications.

L INTRODUCTION

F IN-LINES FIND frequent applications in millimeter-

wave integrated-circuit design. This is attributed to

their favorable properties, such as low dispersion, broad
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.
tib;hty with semiconductor devices. Among various possi-

ble configurations, unilateral and bilateral fin-lines are of

particular interest (see Fig. 1).

To this date, the propagation characteristics of fin-lines

have been obtained with various methods. An early paper

by Meier [ 1] described the propagating mode as a variation

of the dominant mode in ridged waveguide. His procedure

requires a test measurement to determine the equivalent

dielectric constant of the fin-line structure. This is both

expensive and time consuming. The analysis procedures by

Saad and Begemann [2] and Hoefer [3] are based on ridged

waveguide theory, and provide only an approximate solu-

tion. On the other hand, an accurate description of propa-

gation in fin-lines, such as presented by Hofmann [4], and
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